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Distributed Linear Block Coding for Cooperative
Wireless Communications

Pierluigi Salvo Rossi, Athina P. Petropulu, Francesco Palmieri, and Giulio Iannello

Abstract—Performance of wireless communications systems is
degraded by fading, typically combated via spatial diversity by
multiple transmit and receiver antennas. Practical limitations
may limit their use; thus, cooperative transmissions have been
proposed to introduce diversity without the need for multiple
antennas. We propose a novel cooperative scheme that performs
distributed coding of user data. It needs each user transmit on
one single channel and allows large flexibility between rate and
diversity. A trade-off is increased complexity as more users are
required to be decoded simultaneously by the base station. We
present construction of the distributed code for different choices
of rates and diversity orders by means of simple linear block
codes, resulting in reduced complexity for decoding operations.
Achieved diversity order is bounded by the minimum distance of
the implemented distributed code. Performance of the scheme is
studied via analytical bounds and numerical simulations.

Index  Terms—Coded
communications.

cooperation, diversity, wireless

NOTATION: Bold upper (resp. lower) case letters denote
matrices (resp. column vectors); [.]T denotes transpose; “+”
and “-” denote sum and row-column product (both for real and
modulo arithmetic); and Diag(x) denotes a diagonal matrix
whose main diagonal is x.

1. INTRODUCTION

ADING severely affects wireless-communications per-

formance, causing large variations in signal strength as
function of the user position. Diversity is a powerful technique
against fading, used into spatial, temporal, and frequency
domains [1], [2]. Spatial diversity is typically created via
space—time coding with multiple antennas [3], but often user
constraints confine the deployment of multiple antennas to the
base station (BS). Cooperation has recently emerged to obtain
spatial diversity while using a single antenna at user location
[4]. Users share their single antennas (exploiting the free wire-
less connection) and transmit information on behalf of other
users as well as their own information. This is more general
than the relay scenario [5], for each user act simultaneously
as source and relay. Various schemes have been proposed,
such as Amplify (resp. Decode) and Forward in which users
listen, amplify (resp. decode), and transmit signals from their

Manuscript received December 21, 2006; revised February 16, 2006. The as-
sociate editor coordinating the review of this manuscript and approving it for
publication was Prof. Jitendra K. Tugnait.

P. Salvo Rossi was with the Department of Computer Science and Systems,
University of Naples “Federico II,” Italy, and is now with the Department of
Electronics and Telecommunications, Norwegian University of Science and
Technology, Trondheim, Norway (e-mail: salvoros @iet.ntnu.no).

A. P. Petropulu is with the Department of Electrical and Computer Engi-
neering, Drexel University, Philadelphia, PA 19104 USA (e-mail: athina@cbis.
ece.drexel.edu).

F. Palmieri is with the Department of Information Engineering, Second Uni-
versity of Naples, Naples, Italy (e-mail: francesco.palmieri @unina2.it).

G. Iannello is with the University Campus Bio-Medico of Rome, Rome, Italy
(e-mail: g.iannello@unicampus.it).

Digital Object Identifier 10.1109/LSP.2007.896396

partners [6], [7]. Coded Cooperation [8] is more efficient as
channel coding replaces repetition: users propagate each one’s
codewords through different channels.

This letter proposes a new scheme that uses block coding and
cooperation diversity, in which each user transmits on a different
orthogonal channel and listens on the remaining ones. The infor-
mation transmitted over each channel (code symbols) is a combi-
nation of locally-generated information (source symbols) and in-
coming estimated information from the partners (side symbols).
We use the modulo sum for “fair” symbol combination, as it does
not change the symbol alphabet and/or energy, allowing to focus
on the advantage of cooperation. The proposed strategy may be
viewed as an equivalent linear block code built out of joint source
information from all the users. Classical coded cooperation re-
quires each user to perform channel decoding and re-encoding,
while our scheme does not require channel decoding at user lo-
cation, but only demodulation and symbol detection.! This ap-
proach easily allows large flexibility to select data rates as users
do not need to recover each other’s coded information. The final
task of channel decoding to recover source information from the
code symbols is left to the BS. Our scheme allows to select the
point of operation of the system exploiting the trade-off between
diversity and rate, by increasing the number of cooperative users.
The price is complexity as more users are required to be simul-
taneously decoded by the BS. We propose a code design for the
cooperation group (CG) that results in reduced complexity for
decoding operations at the BS.

Summarizing, we can say that: 1) Laneman et al. proposed
cooperation with repetition and space-time coding; 2) Nosra-
tinia et al. merged cooperation and channel coding; and 3) our
scheme still implements cooperation and channel coding but
does not require users to perform channel decoding (relegated
to the BS only), resulting in simpler operations for the users.

II. COOPERATIVE SCHEME

A CG is composed by J cooperative users, each transmitting
on a different channel. Sent symbols are received by each user
and by the BS, chosen from an M-ary alphabet, combined in
modulo-M arithmetic. The system is synchronous on symbol
time (ST) and organized in frames of n ST. Each frame, each
user transmits & source symbols via n code symbols (same rate
R = k/n ) carrying information also on side symbols.

For the ith user, denote source, side (from the jth user), and
code symbols related to the ¢th ST, with b;({), sgl)(ﬁ), and
¢;(£). At the ¢th ST of the gerjlen'c frame, {b;(1),...,b;i(k)}
and {35.0(1),..../35.‘)@— 1)}

J=1,j#t
user for ¢;(¢) generation, i.e., all own symbols and those from

the partners up to that time. In the following, we show how
to achieve diversity for each user and contained complexity at

are available at the ith

1“Channel coding and decoding” means mapping discrete-symbols strings
into codewords and vice-versa to protect transmission from errors [1], “symbol
detection” the estimation of a single symbol in a digital transmission scheme.
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the BS. The former is obtained via distribution of the source
symbols on the available channels; the latter decomposes the
Jn equations, describing the overall coding of the .Jk source
symbols to the BS, into J simpler n-equation groups, related
to k source symbols. Simple cyclic operations (e.g., adding the
side symbol from previous user) distribute source symbols over
channels. The simple group will be described as

vi=Au, 1<i<J ey
with A, u;, and v, representing a linear block code (k,n),
source and code symbols.2 It is worth noticing that (1) presents
same encoding (and same complexity for decoding at the BS) of
a simple linear code on the single user, but due to cooperation,
better performances are achieved in fading environments.

A. Basic Example

In order to present the proposed strategy, we consider the case
of J =n =3and k = 2 with M = 2 [9]. Assume that during
each frame, the single user behaves according to: 1) transmis-
sion in the first ST of its own first source symbol; 2) transmis-
sion in the second ST of the XOR-sum between its own second
source symbol and the first ST side symbol from the previous
user; and 3) transmission in the third ST of the XOR-sum be-
tween the second ST side symbol from the previous user and
the first ST side symbol from the twice-previous user. Letting

P [ mod (i,n) mod (i,n) #0
w(i,n) = n mod (i.n) =0 the code symbols
transmitted in the generic frame are
bi(1), =1
ei(t) = § Di(2) + 5,05 (1), =2

() () _
Suii—1,3)(2) + 8,6_03(1), £=3

from which the simple structure of the single user is evident.
Diversity is obtained because symbols travel through different
channels. Also there is no codeword at the user location; code-
words are confined at the BS after collecting users’ transmis-
sions. Avoiding channel coding and decoding at user location
leads to flexibility and simplicity in rate and diversity, without
dealing with sub-codes or puncturing [8], still keeping the ad-
vantage of coding with respect to repetition. Table I shows the
transmitted code symbols during the generic frame, when error-
free symbol detection at user location is assumed (sg-’)(ﬂ) =
¢;(£)). It can be noted how each source symbol is transmitted
over two different paths, thus intuitively achieving diversity of
order 2. A more precise computation of the achieved diversity
order will be given in Section III.
The overall code at the BS is described as

rer()] 1 0 0 0 0 07
ca(1) 010000
c3(1) 001000 2183
c1(2) 001100 b.2(1)
2| =1 00010 b3(2)
c3(2) 0100 01 bl<2)
c1(3) 000001 b2(2)
ca(3) 000100 7
_c3(3)_ L0000 0 1 0l

2Though the analysis is not restricted to this case, we only consider n = .J to
focus on diversity gain. As it will be clear, n > J is required: » > J increases
space dimension in (1), thus better separation among codewords, but the same
number of channels makes some “dimensions” are simultaneously scaled with
the same fading coefficient; diversity is NOT increased.

IEEE SIGNAL PROCESSING LETTERS, VOL. 14, NO. 10, OCTOBER 2007

TABLE I
CODE SYMBOLS FOR THE CODE (2, 3) WITH ERROR-FREE
DETECTION AT USER LOCATION

user\ST 1 2 3
1 by (1) by (2) + b3(1) b3(2)
2 ba (1) b2 (2) + b1 (1) b1 (2)
3 b3 (1) b3(2) + ba (1) ba(2)
TABLE II
CODES FOR (R = 2/3,L =2)AND (R = 2/5, L = 3) WITH M = 2
uT VT uT VT
00 000 00 00000
01 011 01 01101
10 110 10 11011
11 101 11 10110

The rows of the encoding matrix presenting 1’s in the same po-
sitions may be grouped separately, as every symbol is related
always to the same set of source symbols. More specifically,
rows (1, 5, 9), (2, 6, 7), and (3, 4, 8) may be grouped; then
(1) is easily recognized, denoting: u;" = [b;(1), b,(i41,3)(2)],

1 1 0
vi = lei(1), cuiv1,3)(2): cugir, (3], AT = [0 11
Decoupling the overall code equations into (1) allows the BS

to decode by computation of 12 distances in a three-dimen-
sional space instead of 64 distances in a nine-dimensional space.
Maximum likelihood (ML) decoding at the BS is performed via
knowledge of A as (1) gives Table II. The minimum distance of
the code in Table 11 is dp;, = 2.

B. Extending the Basic Example

The proposed algorithm can be extended to arbitrary
J =mnand k = n — 1 with M = 2. The code is described
by a simple structure at user location, corresponding to a
parity-check symbol transmission in the nth ST: ¢;(¢) =

bi(0) + 81y (€=1) £=2,..n =1 and (1) is rec-
n—1 (¢ .
Z] 1 S/(i()l n+j, n)(J) t=n

ognized via: ul = [b;(1),buit1,0)(2),- - buitn—2,m)(n

1)]’ VzT = [ (1) cu(b+1,n)(2) Cu(i+n71,n)(n
1 1 1 1 mod(n — 1,2)
0 1 1 1 mod(n —2,2)

AT — 0o 01 ... 1 mod(n 3,2) | The com-
0 00 ... 1 1

putation saving at the BS for this case is replacing 2"("~1
distances in an n2-dimensional space with n2"~! distances in
an n-dimensional space. Again we have d,;, = 2.

A scheme with the above-described characteristics (in terms
of computational complexity savings) can be implemented for
a generic rate R = k/n via a linear block code (k, n). Unfortu-
nately, it is not easy to find a general formula including all the
cases with arbitrary values for £ and . We show how simple al-
gorithms based on circular ordering of the users allow to exploit
linear block codes.

Notice that k = n — 2 is not very appropriate as codes (n —
2, n) still have d,,;, = 2. Considering k = n— 3, we have codes
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(n—3,n) with dpp;,, = 3forn =
the same lines of Section II-A.
The code (2, 5) with R = 2/5 and d,,;, = 3 is given by:
(2) _
b'( )+8H(i—175)(1)’ t=2

s (=D 85, (=2), £=3,45,
5)

9, 6, 7, that may be used along

C; (f) =

;l,(l 1,5) ;l,(l 2,5)

and (1) is recognized via: uj = [b;(1),b,i41,5)(2)],
vi=[ei),Cu(i41,5)(2):Cu(i42,5) (3)sCu(it3,5) () Cu(ivas)(5)]
1 1 0 1 1 . .
T _
A = 0110 1l The code is shown in Table II.
The code (3, 6) with R = 1/2
and  dpip = 3 is given by: ¢(¢) =
bi() + 50y ) (¢ - 1), =23 and (1) is
sy o=+ s (L =3), (=456

recognized via: u = [bi(1), bu(i+1,6)(2), bugir2,6)(3)]s
;r = [Ci(1)7 Cu(i+1,6)(2)7 Cu(i+2,6)(3)7 Cu(i+3,6)(4)7

Cu(i+4,6) (5), Cu(i+5,6) (6)]

v

1 11 0 0 1
AT=[0 1 1 1 0 0
0 01 0 1 1
The code (4, 7) with R = 4/7 and d,,i, = 3 is
b 1) =1
() _
Suti—2,7) (6 = 2) + Szl =3)
+8u(i—a,7),i (£ — 4), {=5,6,7

and (1) is recognized via:
wl = [b;(1), bpu(it1,7)(2); bugir2,n)(3), bugiys,n (4)],
v =[ei(1), eugisn,n(2), Cugiva,n (3): Cugivan (4),

Cu(i+a,7)(9); Cu(it5,7)(6), Cugive,7)(7)]s

1 111111
01 1 1 010

T _
A_0011101
0 001 01 1

In general, the code may be obtained via a matrix having in
column: 1) a lower triangular matrix; and 2) a parity-check ma-
trix from recursive combination of previous rows. The compu-
tation saving at the BS is replacing 2"* distances in an n2-di-
mensional space with n2* distances in an n-dimensional space.

C. Arbitrary Alphabet Size

Results are still valid for a general M-ary alphabet
when considering modulo-M sum. In the case M = 4,
R = 2/3, use of (2) gives the code shown in Table III,
in which (1) is recognized via: uf = [bi(1),buei41,3)(2)],

112
vii = [ei(D):s euiirr3)(2) cuirzn 3L AT = | o 1 (]

III. PERFORMANCE

We derive analytical bounds for the BER of users in a CG im-
plementing the proposed scheme and relate the achieved order
of diversity, defined as the negative slope of the log BER versus
log SNR curve, to the minimum distance of the considered linear
block code. We assume M -PSK with coherent detection, with
one-to-one mapping of code symbols into modulation symbols
(with abuse of notation, we use ¢; (1) for both). Users and the BS

TABLE III
CODEFOR (R = 2/3,L =2)WITHM =4
LIT VT UT VT LlT VT uT VT
00 000 10 110 20 220 30 330
01 011 11 121 21 231 31 301
02 022 12 132 22 202 32 312
03 033 13 103 23 213 33 323

are assumed perfectly synchronized, and all channels are addi-
tive white Gaussian noise with “quasi-static” fading.

The baseband discrete-time signal (after matched filtering
and sampling at the symbol rate) that the jth user receives
(4 = 0 for BS) from the 7th user on the /th ST of a frame is

1</i<n
¥i,;j(0) = a; j/ RE ¢;i(L) + w; j(£), 0<5<J (¥
1< <J

where &, is the energy-per-source-symbol of the single user,
a; j ~ Rayleigh(s} ;) and w; j(I) ~ N'(0,07 ;) are the fading
envelope and the additive noise over the channel between users
1 and j. We consider a symmetric scenario, i.e., independent
identically distributed (ié'd) channels among users and between
2 _)ss 7=0 2 _[m/2 j=0
users andBS,gm- = gg G400 O = {ﬁu/2 G400
Equations (1) and (3) give

r; = \/ RE, Diag(f; 1<i<J 4)

where r;, f;, and z; represent the signals received at the BS,
and the corresponding fading and noise effects. Equation (4)
represents the proposed code over the considered channel. The
effect of fading is scaling independently each dimension.

v1 +Z17

A. BER With Error-Free Symbol Detection at User Location

We first focus on the scheme analyzed in Section II-A,
neglecting the presence of fading. In absence of fading,
by use of the union bound [1], the BER can be ap-

proximated as (3/2) Q(Q«/Ré’b/no), where Q(t) =

1/m fo exp (—( t2/2 sin®#))df. In presence of fading,
the set of distances in the signal-space is modified by the fading
coefficients, and the former expression provides the conditional
BER to be averaged according to fading statistics

P., =~ —Q(\F) )

where v = (o) + a5y)(RE /1,) with i # j. For iid Rayleigh
fading coefficients, the probability density function of v is

p() = gy exp (—2) (7>0) O

where I = (262 RE, /1, ) is the average SNR at the BS, defined
as the ratio between the average received energy-per-source-
symbol and the one-sided noise power spectral density. BER,
from (5) and (6), is

3 [Ty gl _3 [

sin? 4

upper-bounded with P, ~ 3/4(1 +T")~2

For the general case, R = k/n, v ~ Erlang(T,dmin)
[1], where d,,;n is the minimum distance of the considered
linear block code. Similar derivation, replacing (6) with
p(v) = y*in=te™ T [(dipin = DI0Min (v > 0), gives
P.(T ) (28 —1)/4(1 + I)~%in je., order of diversity
L = dunin < n — k+ 1 is obtained.
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Fig. 1. Performance for BPSK with coherent detection. (a) Independent fading. (b) Correlated fading. (¢) Comparison with coded cooperation.

B. Effects of Erroneous Symbol Detection at User Location

Consider a more realistic scenario where I',, and I" represent
the average SNR between two users and between each user and
the BS. We assume I',, and I" independent: I',, is constant and
T is increasing. It may represent a vehicle (BS) approaching a
static sensor (user) network. Each user has to detect side sym-
bols in order to build the code symbols for transmission to the
BS. Users detect erroneously side symbols with probability [1]
P. =(1/2(1 4+ T)) due to the assumption for user—user chan-
nels. The presence of errors in the user—user channels can de-
stroy the equivalence between (1) and (4). In such a case, the
signal constellation used for ML decoding is not valid, and all
the vertices of the n-dimensional hypercube with side length
2/ R&, should be taken into account.

In the basic example, the constellation is valid with proba-
bility Pc = (1 — P.)? ((1 — P.)? + 3P2). Denoting P, and
Pr, the BER for the error-free and error-presence cases, then

1 — Pg = Pr(c) = Pu. Pr(c|vc) + (1 — Py.) Pr(c|not vc)

=Py.(1 = P.)+ (1 — Py.) Pr(c|not vc).
Assuming Pr(c|not vc) = (1/3)P., we get ro1
~(1— _Z(1— ~_— g Zu -2
F)E”"(1 Pvc) 3(1 4PVC)P€~FU+1+4Fu+3(1+P) .
The approximation shows the presence of an error floor de-
pending on the average SNR on the user—user channel.3 In gen-
eral, the scheme obtains the claimed order of diversity only for
a limited range of average SNR, bounded by the (worst) av-
erage user—user SNR. Performance in terms of BER versus av-
erage SNR can be roughly expressed as Pg(T") = P.(I')(I" <
T'.)+ P.(T') (T > T',). We obtain spatial diversity in a range
upper-bounded by the average SNR among cooperative users.

IV. SIMULATIONS

Simulations have been performed with Matlab. BPSK modu-
lation* with uniform a priori symbol distribution, and coherent
detection on each channel are considered. ML decoding at the
BS is performed by selection of the minimum distance in the
signal-space constellation. Channels are statistically iid, and
fading coefficients are constant within the frame.

Results confirm the claimed diversity in the error-free case.
The performance follows the error-free trend when the average
SNR does not exceed the average user—user SNR and shows the
expected error floor. Fig. 1(a) shows the performance for R =
2/3, 2/5 with independent fading coefficients among frames.
The results corresponds to the cases where users do NOT co-
operate, and cooperate with inter—user SNR equal to I, =

3Cooperation among users with channels conditions worse than the channel
to the BS results in unacceptable waste of resource.

4Analogous results have been obtained with QPSK modulation.

30 dB, +00. No-cooperation needs SNR = 23 dB to achieve
BER = 1072, while cooperation among three and five users
(with error-free detection at user location) provides a reduc-
tion of 7 and 12 dB, respectively. Fig. 1(b) considers correlated
fading coefficients among frames according to Jakes model [2]
with a normalized Doppler frequency of 0.1. The energy saving
reduces to 2 and 5 dB.

Fig. 1(c) compares (in the error-free case) the coded-cooper-
ation [8] with R = 1/4, L = 2, and the two proposed schemes:
DLBC-a with R = 2/3, L = 2, DLBC-b with R = 2/5,
L = 3. Both the proposed schemes achieve the same BER at
higher rates, wasting fewer resources to create cooperative di-
versity. To give an idea of the operating conditions, we note that
to achieve a BER = 1073: 1) coded cooperation uses 2 users
with R = 1/4 at 12 dB; 2) DLBC-a uses 3 users with R = 2/3
at 16 dB; 3) DLBC-b uses 5 users with R = 2/5 at 11 dB.

V. CONCLUSION

A novel scheme for coded cooperative wireless communica-
tions has been proposed, with flexible trade-off between spa-
tial diversity and transmission rates by distributing information
of all users over all channels and requiring one transmission
channel per user. An appropriate cooperative algorithm keeps
computational complexity at the BS low. Analysis and simula-
tions show an error floor on the performance; thus, the choice
cooperative users is critical, aiming at good user-user channels.
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